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A microscopic calculation of half-lives for the recently observed 108Xe → 104Te → 100Sn α-decay
chain is performed using a self-consistent framework based on energy density functionals. The rela-
tivistic density functional DD-PC1 and a separable pairing interaction of finite range are used to com-
pute axially-symmetric deformation energy surfaces of 104Te and 108Xe as functions of quadrupole,
octupole and hexadecupole collective coordinates. Dynamic least-action paths are determined that
trace the α-particle emission from the equilibrium deformation to the point of scission. The calcu-
lated half-lives: 197 ns for 104Te and 50 µs for 108Xe, are compared to recent experimental values
of the half-lives of superallowed α-decay of 104Te: < 18 ns, and 108Xe: 58+106−23 µs.
A fully microscopic description of α-radioactivity
presents a complex and difficult quantum mechanical
problem. A number of models of the α-decay process
have been developed over the past century, from semi-
classical approaches to microscopic ones. In fact, one
of the first successful models was the well-known Geiger-
Nuttall law [1] and its interpretation involving the tunnel-
ing effect by Gamow [2], and the class of WKB models [3].
From the experimental point of view, even the identifica-
tion of all α-emitting nuclei may have not been achieved
yet, as demonstrated by the discovery of α-emission from
209Bi in 2003 [4], or the remaining question of possible
α-radioactivity of 208Pb [5].
Several recent studies have been devoted to a more
microscopic description of this process, such as the
α pre-formation factor obtained form single-particle
states calculated from a complex-energy shell-model [6].
Microscopic-macroscopic approaches based on Woods-
Saxon potentials have also been developed that consider
an additional pocket-like surface potential [7], or a least-
energy trajectory to describe α and cluster emission, and
fission of 222Ra [8]. Among fully microscopic approaches,
we note the description of cluster emission from heavy
nuclei using a self-consistent Hartree-Fock-Bogoliubov
method based on the Gogny energy density functional
(EDF) [9, 10].
Nuclear energy density functionals and, in particu-
lar, relativistic EDFs provide a natural framework for
α-decay studies. They have been used to successfully
describe the formation of α-cluster states in light nuclei
[11–16], including a quantitative comparison with exper-
imental spectra of cluster states in Ne isotopes [17], and
the Hoyle state in 12C [18]. Therefore, it could be in-
teresting to study α-radioactivity using models based on
relativistic EDFs. On the one hand this approach can
describe α-cluster formation, and its qualitative relation
with α-emission [19]. On the other, it has already been
successfully applied to spontaneous and induced fission
dynamics [20–24].
The present study of α-radioactivity is focused on
the region of self-conjugate nuclei northeast of 100Sn.
It is the lightest region of the nuclear mass table in
which α-particle emission has been identified, with the
recent determination of the half-lives of superallowed α-
decay of 108Xe: 58+106−23 µs, and
104Te: < 18 ns [25]
(see also Ref. [26]). From a conceptual point of view,
the lighter the nucleus the more localised the nucle-
onic wave-functions, an effect that arises both from the
single-nucleon potential and the radial quantum num-
bers [11, 12, 19]. Hence the 100Sn region that includes
the lightest α-emitters presents the best case for a mi-
croscopic approach based on the least-action integral on
the potential energy surface (PES). In this work we will
compute α-decay half-lives of 108Xe and 104Te using a
model based on relativistic EDFs.
The RHB framework is described in Refs. [27–29]. It
provides a unified description of particle-hole (ph) and
particle-particle (pp) correlations by combining two av-
erage potentials. Self-consistent calculations of deforma-
tion energy surfaces are performed using the DD-PC1 [30]
relativistic functional. In addition to the particle-hole
channel determined by the choice of the EDF, a separable
pairing interaction of finite-range [31, 32] is used that re-
produces the pairing gap in nuclear matter as calculated
with the D1S parametrization of the Gogny force [32, 33].
The PES are calculated using the quadrupole, octupole
and hexadecupole deformations as collective degrees of
freedom. Deformation-constrained calculations are per-
formed using a method with linear constraints that has
successfully been applied to fission (see Ref. [20] for
details). The Dirac-Hartree-Bogoliubov equations are
solved by expanding the nucleon spinors in the basis
of a 3D harmonic oscillator. Since 108Xe and 104Te are
not particularly heavy nuclei, calculations have been per-
formed in a basis with 16 oscillators shells.
The process of emission of an α-particle is modelled
along a path L, determined by minimizing the action
integral [34, 35]:
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2S(L) =
∫ sout
sin
1
~
√
2Meff(s) [Veff(s)− E0]ds, (1)
where Meff(s) and Veff(s) are the effective collective in-
ertia and potential, respectively. E0 is the collective
ground-state energy, and the integration limits corre-
spond to the classical inner (sin) and outer turning points
(sout), defined by Veff(s) = E0.
The effective inertia is computed from the multidimen-
sional collective inertia tensor M [34, 36–39]
Meff(s) =
∑
ij
Mij dqi
ds
dqj
ds
, (2)
where qi(s) denotes the collective coordinate as a func-
tion of the path’s length. The collective inertia tensor is
calculated using the self-consistent RHB solutions and
applying the adiabatic time-dependent Hartree-Fock-
Bogoliubov (ATDHFB) method [40]. In the perturbative
cranking approximation the collective inertia reads [20]
M = ~2M−1(1)M(3)M−1(1) , (3)
where
[
M(k)
]
ij
=
∑
µν
〈
0
∣∣∣Qˆi∣∣∣µν〉〈µν ∣∣∣Qˆj∣∣∣ 0〉
(Eµ + Eν)k
. (4)
|µν〉 are two-quasiparticle wave functions, and Eµ and Eν
the corresponding quasiparticle energies. Qˆi denotes the
multipole operators that describe the collective degrees
of freedom. The effective collective potential Veff is ob-
tained by subtracting the vibrational zero-point energy
(ZPE) from the total RHB deformation energy. Follow-
ing the prescription of Refs. [38, 39, 41, 42], the ZPE is
computed using the Gaussian overlap approximation,
EZPE =
1
4
Tr
[
M−1(2)M(1)
]
. (5)
The microscopic self-consistent solutions of the con-
strained RHB equations, that is, the single-quasiparticle
energies and wave functions on the entire energy surface
as functions of the quadrupole and octupole deforma-
tions, provide the microscopic input for the calculation
of both the collective inertia and zero-point energy.
In practical calculations we first determine the least ac-
tion path from ground state to scission in the restricted
2-dimensional collective space (β20, β30). The scission
point is determined by a discontinuity in β40. After scis-
sion, the configuration with two well separated fragments
becomes the lowest energy solution and the energy can
be approximated by the classical expression for two uni-
formly charged spheres:
Veff(β3) = e
2Z1Z2
R
−Q, (6)
where R represents the distance between the centers of
mass of the fragments, and the second term is the exper-
imental Q value. We use Eqs. (9) and (10) of Ref. [9]
to approximate the relation between R and the octuple
moment Q30,
Q30 = f3R
3, (7)
with
f3 =
A1A2
A
(A1 −A2)
A
, (8)
and β30 = 4piQ30/3AR
3. The corresponding effective
collective mass reads
Meff = µ
9Q
4/3
30 f
2/3
3
, (9)
where µ = mnA1A2/(A1 + A2) is the reduced mass of
the two fragments, and mn denotes the nucleon mass [9].
Thus the path involved in the action integral of Eq. (1)
consists of the least-action path from sin to scission, and
the energy is approximated by the Coulomb potential
from scission to sout [9]. The alpha decay half-life is
calculated as T1/2 = ln 2/(nP ), where n is the number
of assaults on the potential barrier per unit time [36–39],
and P is the barrier penetration probability in the WKB
approximation
P =
1
1 + exp[2S(L)]
. (10)
We choose E0 = 1 MeV in Eq. (1) for the value of
the collective ground state energy. For the vibrational
frequency ~ω = 1 MeV, the corresponding n value is
1020.38 s−1.
Figure 1 displays the axially-symmetric deformation
energy surface of 104Te with respect to the octupole and
quadrupole collective coordinates. When one consid-
ers the paths for α-emission, the static path (dashed)
which minimizes the energy without taking into account
the effect of the collective inertia evolves towards larger
quadrupole deformation. More relevant is the dynamic
path (solid), which explicitly takes into account the col-
lective inertia by minimizing the action integral of Eq.
(1). The numerical minimization technique used to deter-
mine the dynamic path is described in Ref. [20]. We have
considered several possible values for the turning point
sin and the scission point to make certain that the mini-
mum action path is chosen. When compared to the static
path, the nucleus exhibits smaller quadrupole deforma-
tions along the dynamic path to α-emission. The insets
show how the total intrinsic nucleon densities evolve from
the equilibrium deformation to the end point of the dy-
namic path, which corresponds to the scission of a small
cluster of nucleons. The integral of the density of this
cluster is close to 4 nucleons.
In Fig. 2 we illustrate the corresponding evolution of
hexadecupole deformation. The self-consistent deforma-
tion energy surface of 104Te is shown in the (β20, β40)
3FIG. 1: Deformation energy surface of 104Te in the
quadrupole-octupole axially-symmetric plane,
calculated with the RHB model based on the DD-PC1
functional. The dashed and solid curves on the energy
surface correspond to the static (least-energy) and
dynamic (least-action) paths for α-emission,
respectively. The insets display the intrinsic nucleon
densities at selected values of (β20, β30).
plane, for selected values of the octupole deformation
parameter β30. For large octupole deformation (β30 >∼
0.45), one notices a pronounced sudden increase of the
β40 value at the energy minimum (from typically 0.1 to
about 1.5). This jump corresponds to the scission be-
tween the α-particle and the remaining 100Sn nucleus.
After scission, as discussed in Ref. [9], Coulomb repul-
sion between the two fragments determines the dynamics,
and the corresponding collective potential and collective
mass are therefore calculated using Eqs. (6) - (9). The
experimental α-decay Q value is taken from Ref. [25].
The α-decay half-life of 104Te calculated with Eq. (10)
is 197 ns, and this result can be compared to the recent
experimental value of < 18 ns [25].
We have also performed a corresponding analysis of
α-decay of the next N = Z nucleus 108Xe. The defor-
mation energy surface in the (β20, β30) plane is shown in
Fig. 3, where we also include the dynamic (least-action)
path for α-emission together with the intrinsic nucleon
densities at selected values of β20 and β30. The left panel
of Fig. 4 displays the nucleon density of the fragments
around scission for α-emission from 108Xe. The number
of nucleons obtained by integrating the density of the α-
like fragment is close to four, up to a few percents. In
the panel on the right we plot the corresponding Fermion
localization probability calculated using the expression:
Cqσ(~r) =
1 +(τqσρqσ − 14 | ~∇ρqσ |2 −~j2qσ
ρqστTFqσ
)2−1
(11)
where ρqσ,~jqσ, τqσ, τ
TF
qσ and ~∇ρqσ are the particle, cur-
FIG. 2: Deformation energy surface of 104Te in the
quadrupole-hexadecupole axially-symmetric plane,
calculated with the RHB model based on the DD-PC1
functional, for selected values of the octupole
deformation β30. Contours join points on the surface
with the same energy (in MeV).
FIG. 3: Deformation energy surface of 108Xe in the
quadrupole-octupole axially-symmetric plane,
calculated with the RHB model based on the DD-PC1
functional. The contours join points on the surface with
the same energy. The dynamic (least-action) path for
α-emission is shown together with intrinsic nucleon
densities at selected values of (β20, β30).
rent, kinetic, Thomas-Fermi kinetic densities and density
gradient, respectively. A value close to 1 means that the
probability of finding two nucleons with the same spin
4and isospin at the same point ~r is very small. This is the
case for alpha clusters because the four nucleons occupy
different spin and isospin states and thus Cqσ ' 1 [43–
45]. The fermion localization probability in Fig. 4 shows
that the cluster emitted from 108Xe indeed corresponds
to an α-particle. The dynamic least-action path plotted
in Fig. 3, together with Eqs. (1) and (10), is used to cal-
culate the half-life for α-decay: 50 µs, in close agreement
with the experimental value: 58+106−23 µs [25].
FIG. 4: Total nucleon density of the fragments around
scission for α-emission from 108Xe (left panel). The
corresponding Fermion localization function Eq. (11) is
shown in the panel on the right.
In summary, the self-consistent mean-field framework
based on relativistic energy density functionals, previ-
ously successfully applied to nuclear structure and fission
dynamics, has been used to analyse the recently observed
α-decay chain 108Xe → 104Te → 100Sn. By employing
the relativistic density functional DD-PC1 and a separa-
ble pairing interaction of finite range, axially-symmetric
deformation energy surfaces in the plane of quadrupole
and octupole collective coordinates have been mapped
for 104Te and 108Xe by performing self-consistent con-
strained mean-field calculations. Dynamic least-action
paths have been determined that allow to trace the pro-
cess of α-particle emission from the mean-field equilib-
rium deformation to the point of scission. The latter is
manifested by a sudden marked increase of hexadecupole
deformation, and after scission Coulomb repulsion be-
tween the two fragments determines the dynamics. By
taking into account the collective inertia in the perturba-
tive cranking approximation of ATDHFB, the resulting
α-decay half-lives of 104Te and 108Xe are in quantitative
agreement with recently determined experimental values.
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